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BOUNDEDNESS AND DIFFERENTIABILITY
FOR NONLINEAR ELLIPTIC SYSTEMS

JANA BJORN

ABSTRACT. We consider the elliptic system div(AJ (z,u, Vu)) = B (z, u, Vu),
j=1,...,N, and an obstacle problem for a similar system of variational in-
equalities. The functions A7 and B7 satisfy certain ellipticity and boundedness
conditions with a p-admissible weight w and exponent 1 < p < 2. The growth
of BJ in |Vu| and |ul is of order p — 1. We show that weak solutions of the
above systems are locally bounded and differentiable almost everywhere in the
classical sense.

1. INTRODUCTION

In this paper we study weak solutions u = (u!,... ,u’") of the following system
of second-order quasilinear elliptic equations in divergence form
(1.1) div(A? (z,u, Vu)) = B (z,u,Vu), j=1,...,N,

in a bounded domain Q C R", n > 2.
We also consider the obstacle problem for the following system of variational
inequalities:

N N
(1.2) Z/.Aj(:c,u,Vu)-V(uj—vj)dx+Z/Bj(x,u,Vu)(uj—vj)deO
j=17¢ j=17%

for all v = (vl,... ,v") satisfying v > v in Q and v = u on dQ. The solution

u=(ul,...,u") is required to satisfy u > v in Q.

In both cases, the functions A7 and B7 satisfy certain ellipticity and boundedness
conditions with a p-admissible weight w and exponent 1 < p < 2. The growth of
B’ in |Vu| and |u| is of order p — 1. The exact assumptions on the functions A7
and B’ and some examples are given in Section [3]

We shall show that weak solutions of the system (1) as well as solutions of
the obstacle problem (2) are locally bounded in the domain €, see Theorem
For applications it would be more natural to allow the right-hand sides 37 to grow

as |VulP rather then |Vu|[P~1. However, already for one equation, the assumption
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|B| < C|VulP does not guarantee boundedness of solutions, see e.g. pp. 25-27 in
Ladyzhenskaya—Ural’tseva [24].

For N =1 and w = 1, it is well known that weak solutions of a single equation
with 1 < p < oo are locally bounded (and locally Holder continuous), see e.g. the
fundamental paper by Serrin [33] or Chapter 4.7 in Ladyzhenskaya—Ural’tseva [24].
Boundedness of solutions of the obstacle problem for N = 1 and w = 1 has been
proved under various assumptions on A, B and v in e.g. Lewy—Stampacchia [26],
Frehse-Mosco [8], Ural’tseva [38], Michael-Ziemer [28] and by the author in [21].
Properties of solutions of weighted quasilinear equations with 1 < p < oo and the
corresponding obstacle problem have been extensively studied in the monograph
by Heinonen—Kilpeldinen—Martio [18]. Let us also mention a paper by Naselli Ric-
ceri [30], in which L*°-bounds for solutions of an As-degenerate variational inequal-
ity have been obtained.

On the other hand, for elliptic systems with N > 1, examples of unbounded
weak solutions have been given by e.g. De Giorgi [B] and Frehse [7], thus there
is no hope for extending the above-mentioned results about local boundedness to
systems in general. There even exist systems whose solutions are unbounded in
every neighbourhood of every point, see Remark on p. 41 in John—-Maly—Stara [22].

Local boundedness has been proved for systems whose principal part consists
of a uniformly elliptic operator times the identity matrix, see e.g. Chapter 7.2
in Ladyzhenskaya—Ural'tseva [24] for p = 2 and Landes [25] for p > 2. Necas—
Stara [31] considered a nondiagonal uniformly elliptic system, which turns into a
diagonal one at the points where the solution is sufficiently large. For p = 2, it
is known that solutions of linear systems with continuous coefficients are locally
Holder continuous, see e.g. Chapter I11.3 in Giaquinta [I1]. For general systems,
most results are in terms of partial regularity, i.e. except for a closed set with
zero measure, see e.g. Morrey [29], Giusti-Miranda [I4], Giusti [I3], Giaquinta—
Modica [IZ] and Giaquinta [I1] for systems of equations and Fuchs [IU] for some
systems of variational inequalities.

In Meier [27], boundedness of weak solutions of very general nondiagonal systems
was proved under the assumption that the so-called indicator function

1.3 U V) T
(1.3) ZW (z,u, Vu) - Vu
i,7=1
is nonnegative at the points where |u| becomes large. Even though this condition is
always satisfied for a certain class of systems (containing e.g. certain diagonal sys-
tems, harmonic maps between Riemannian manifolds and other special structures),
it is difficult to verify this condition in general.

In this paper we are concerned with systems which, roughly speaking, are not
too far from being diagonal. This is expressed essentially by requiring that

(14)  A@ug)-¢ > (2P - d@lulf - f@)wlz), j=1....N,

which is stronger than the ellipticity condition E;\;l Al q? > (|qP — dulP — fw,
considered with w = 1 in Meier [27]. On the other hand, we do not require any
assumptions involving properties of a particular solution, such as the indicator
function. Moreover, we allow the operators to be degenerate with a p-admissible
weight w, thus extending even the case N = 1 both for equations and variational
inequalities (and all p > 1, see Remark B21)).
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Our method is based on De Giorgi type estimates of |[VU|P, where
U = max{|u'|,...,[uN]},

and makes use of the test functions ¢’ = (max(U —k, 0)/U)P(u’ —U)nP, where 1 is a
cut-off function. It applies both to systems of equations and systems of variational
inequalities. In fact, the system (1)) can be considered as a special case of (L2)
with 1/ = —00, j =1,..., N, and by letting only some 1/ = —o0, we can consider
systems consisting of both equations and inequalities.

In the last section, following a method of Reshetnyak—Hajlasz—Strzelecki based
on the difference quotients up(X) = (u(zo + hX) — u(zo))/h, our boundedness es-
timates are used to prove that weak solutions of the system (1)) and the obstacle
problem (2)) are differentiable almost everywhere in the classical sense, see Theo-
rem B7. For this, we do not impose any smoothness assumptions on the functions
A’ and B, the essential ingredient are good L>°-estimates for solutions (depending
only on the system and on the LP-norm of the solutions).

Bojarski [4] showed that weak solutions of a single unweighted linear elliptic
equation are differentiable a.e. in €2. This gives an additional geometrical infor-
mation about the solutions in addition to their Holder continuity. For unweighted
quasilinear elliptic equations of the type studied here (N = 1 and w = 1), differ-
entiability a.e. of weak solutions was proved by Reshetnyak in [32]. Reshetnyak’s
proof is based on the Holder continuity of the solutions. Hajtasz—Strzelecki [17]
showed that using Bojarski’s method one can simplify Reshetnyak’s proof so that
it uses local boundedness rather than the Holder continuity of weak solutions. In
fact Karch-Ricciardi [23] showed by essentially the same method that differentia-
bility a.e. can be obtained even for equations whose weak solutions are not Holder
continuous.

The author showed in Jezkovéd [2I] that the method of Reshetnyak-Hajlasz—
Strzelecki can be extended to unweighted variational inequalities (N = 1 and w = 1)
and also to bounded solutions of equations and inequalities, whose right-hand side
grows quadratically (for p = 2) in |[Vu|. At this point we would like to mention that
the assumption (2.2) in [2I] about smallness of the coefficient ¢(z) is superfluous —
it can be replaced by supp(g, ) ¢ < 1/ 08¢B(zy,r) u for some r > 0 and as bounded
solutions of a single equation with quadratic growth in |Vu| are locally Holder
continuous, this condition is always satisfied.

Let us briefly discuss some cases in which the method of Reshetnyak—Hajlasz—
Strzelecki can be applied and those where it fails. The partial regularity u €
C%(Q\ ) with |X| = 0, which has been proved for large classes of systems, is
of qualitative character and does not give good enough estimates of ||u|| e for the
method to be applied. Also, the L*°-estimates obtained by Landes [25] for solu-
tions of nonlinear elliptic diagonal systems with p > 2 depend on ess supyq, |u?| and
cannot therefore be used to prove differentiability a.e. of the solutions. Since the
positivity of the indicator function ([IZ3) for u does not in general imply the positiv-
ity of the indicator function for the difference quotients uy, the general boundedness
results for 1 < p < n in Meier [27] cannot be used to obtain differentiability a.e.
of solutions. On the other hand, some special structures considered in Corollary 1
in [27] can be treated by the Reshetnyak-Hajtasz—Strzelecki method yielding dif-
ferentiability a.e. In particular this applies to diagonal systems with p = 2 and the
right-hand side growing linearly in the gradient (which are covered by our assump-
tions) or satisfying |B| < ¢|Vu|? + f, where f € L™ (27 and ¢ < 1/2supg, |ul.
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Let us also mention some results concerning higher regularity, which have been
proved under various smoothness assumptions on the functions A7 and B7. So-
lutions of linear systems with Holder continuous coefficients (p = 2) have Hélder
continuous first derivatives, see e.g. Chapter I11.3 in Giaquinta [I1]. Partial C'*<-
regularity for bounded solutions of the elliptic system (LI with p = 2, A7 Holder
continuous in z and w and continuously differentiable with respect to ¢, |B|] <
c|Vu|? + b and ¢ < 1/2supg, |u| has been proved by Giaquinta—Modica [12].

For p > 2, Uhlenbeck [37] showed that solutions of the system div(a(|Vu|?)Vu/)
= 0, with a positive function a, which grows as t?/2~1 and satisfies a(t) + 2a’(t)t >
0, are of class C®. For p = 2, Ivert [20] proved C“-regularity for bounded
solutions of the system div(A(z,u,|Vu|?)Vu/) = B/ with a smooth function A
and B’ growing quadratically in the gradient (with limited speed). For p > 1,
Tolksdorf [36] further generalizes these results to quasilinear systems whose left-
hand side is the Vu-directional derivative of the functional

(1.5) ur— /QF(x,p(Vu)) dz,

where F(x,t) grows as tP/? and

n N
p@)= D D vapla)g? (2)dhq)
a,B=11i,j=1
is a quadratic form with C'-coefficients satisfying p(q) > volg|? for all  and q.

Let us briefly compare our assumptions with those in Tolksdorf [36]. The ellip-
ticity condition in [36] is essentially Ejvzl Al(z,q) - ¢/ > Nk +q])P~2|q|?, which is
clearly weaker then ([4). At the same time the functions A4, g;; and v*? in [36] are
required to be at least differentiable with certain bounds on the derivatives. Hence,
the results of [36] apply e.g. to the minima of the functional ([CH) with smooth
coefficients, in particular to the vector-valued p-Laplacian and its smooth pertur-
bations. Such systems do not satisfy (L4). On the other hand, the special form
of the functions A’ in [36] disqualifies systems in which the left-hand sides differ
considerably from one equation to another, such as those given in Examples B4
and Also, we allow A’ and B’ which are not differentiable in any variable,
such as those in Example [3.6]

As for systems of variational inequalities, Hildebrandt-Widman [19] consider
the case p = 2 with A¥(z,u,Vu) = A(z,u)Vu + ¢g/(z), |B| < c|Vu|* + f and
the constraint u : Q — M C R”Y. Under certain smoothness assumptions on the
coefficients, they show that if cdiam M < 1, then u € C1*(Q). In [9], Fuchs proves
partial C1:®-regularity for minimizers of integral functionals with C!-coefficients,
growth of order p > 2 and the constraint u: Q@ — M C RY. For 1 < p < 2, partial
Cl-@_regularity for minimizers of integral functionals depending on |Vu| has been
proved by Acerbi-Fusco [1].

2. WEIGHTED SOBOLEV SPACES

In this section we remind the reader of the definition of p-admissible weights
and weighted Sobolev spaces. Let B(zg,r) denote the open ball in R™ with the
center zo and radius r. By C§°(2) we mean the space of infinitely many times
differentiable functions on Q with compact support in Q. By |E| we denote the
Lebesgue measure of the set E. Unless otherwise stated, the letter C will denote a
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positive constant whose exact value is unimportant and may change even within a
line. Where necessary, we shall specify the dependence of C on various parameters.

Let 1 < p < 0o and let w be a nonnegative locally Lebesgue integrable function
in R" and let y denote the Radon measure defined by u(E) = [, w(zx)dz, ie.
dp = w dx. We shall assume that w is p-admissible, i.e. that the following conditions
are satisfied (see Theorem 2 in Hajlasz—Koskela [15]).

(1) Doubling condition: 0 < w < oo a.e. in R™ and there is a constant ¢; > 0
such that

(B(xo,2r)) < erp(B(wo, 7))

for all balls B(zg,r) C R™.
(il) Weighted Poincaré inequality: There is a constant co > 0 such that for all
balls B = B(xg,7) C R™ and ¢ € C*(B(xq,2r)),

1/p
][ |¢—¢B|du<02r<][ |lede> ;
B B(x0,2r)

where pp = fB ¢ dp. Here, and in what follows, the symbol § denotes the mean-

value integral
][ pdp = L / pdp
B w(B) Jp '

It is well known that Muckenhoupt A, weights are p-admissible. Other examples
of p-admissible weights can be found in e.g. [3].

It is a recent result of Hajlasz—Koskela (see Theorem 2 in [I5] or Theorem 13.1
n [T6]) that the above two conditions imply the weighted Sobolev inequality

1/pk 1/p
<][ |l du) <03r(][ IchI”du>
B B

for some k > 1 and ¢35 > 0 (depending only on p, ¢; and c¢g), all balls B =
B(zg,r) € R™ and all ¢ € C§°(B). Earlier, in e.g. Section 1.1 in Heinonen—
Kilpeldinen—-Martio [I8], the Sobolev inequality together with another condition
(which also turned out to be a consequence of doubling and the Poincaré inequality)
was required in the definition of p-admissible weights.

By LP(2, i) we denote the space of functions on 2 whose p-th power is integrable
with respect to the measure p. If p is the Lebesgue measure, we write just LP(Q).
The weighted Sobolev space HyP (R, 1) is the closure of C§°(€2) with respect to the

norm
1/p 1/p
el = ( /Q lepdu> n ( /Q |lede>

and H (€, p) is the closure of {¢ € C=(Q) : [[¢| g1r(,u) < oo} in the HYP(Q, p1)-
norm. In other words, u € HY?(, 1) (u € HyP(, p)) if and only if u € LP(, )
and there exist ¢; € C>*(Q) (¢; € C5°(2)) and a vector-valued function Vu such
that ¢; — uwand Vy; — Vuin LP(Q, ), as j — oo. If w'/(1=P) s locally integrable
then Vu is the distributional gradient of w.

Note that the weighted Sobolev and Poincaré inequalities hold for functions
in Hé’p(B,,u) and HYP(B, i), respectively. We shall also need the fact that the
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weighted Sobolev spaces are lattices, i.e. if ¢ and 5 belong to H>P(£, ), then so
do |¢|, max{p,n} and min{y,n} and

Vo(z) if p(x) > n(x),
vt ={ SIE it 2 )
similarly for V min{p,n}. Moreover if ¢; — ¢ and n; — 1 in HYP(Q, 11), then
max{¢;,n;} — max{p,n} and
min{y;, 7;} — min{p,n} in HYP(Q, p).
For more about weighted Sobolev spaces we refer the reader to Chapter 1 in
Heinonen—Kilpeldinen—-Martio [18].

(2.1)

3. FORMULATION OF THE PROBLEM AND THE MAIN RESULT

We are now ready to state the exact assumptions about the systems (L.1I)
and (L2). In what follows, u = (u',...,u") will be a vector-valued function
on ). By

Vu = (V!)jz1,.. v = (0at’)j=1,.. Na=1,... ,n;
we denote the gradient of u. By u € XV we mean that the scalar components of u
belong to the function space X and ||u|| x~ stands for ||ul|lx + -+ ||u’| x.

We assume that A7 : @ x RY x R™™ — R" and B7 : Q@ x RY x R"M — R are
functions measurable in the first variable and continuous in the other variables. We
shall require that A’ and B?, j = 1,..., N, satisfy the following boundedness and
ellipticity conditions with a p-admissible weight w,

A7 (2,1, q)] < (alglP™" + b(@)|ulP ™! + e(2)w(z),
(3.1) 1B (2, u, q)| < (c()lqP™" + d(@)ul"" + f(2))w(z),
A (@ u,q) ¢ = (|17 = d(=) ul” — f(2))w(@)

fora.e. 2 € Q allu € RY and all ¢ = (¢%) =1, v = (¢2)j=1... N.a=1,....n € R™V.
Here | - | stands for the Euclidean norm in the respective space, a > 1 is a constant
and b, ¢, d, e and f are nonnegative functions such that b?/®=1 ¢» d, er/(P—1)
and f belong to L™(Q, ), where 7 = k/(k —1—¢),0<e <1—1/k, and & is the
exponent from the weighted Sobolev inequality.

Remark 3.1. In the unweighted case w = 1, we have 7 = n/(p — &’), where &’ =
e(n — p). Thus, the structure conditions (3.I]) correspond to those considered by

Serrin [33] for N = 1, except that we require b, e € L™/ (P=D+<" rather than b, e €
L/ (r=1)

The generality of the functions A’ and B’ requires that the system (II) be
understood in the weak sense, i.e. through the integral identity

N N
(3.2) Z/ A (2, u, Vu) - V! da + Z/ B (x,u, Vu)yp! de =0,
j=17% j=17%

which should hold for all ¢ = (¢!,..., ") € C(Q)N. The solution u is con-
sidered in the weighted Sobolev space H'P(2, u)V. Tt follows from the weighted
Sobolev inequality that v € L7 (Q, ) for all v € H'P(Q, u)™ and the structure

conditions (Bl) together with a standard approximation argument then imply that
(B2) holds for all ¢ € Hy”(2, ) with compact support in Q.
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As for the obstacle problem (2, let uy = (u},...,u)) € H*?(Q,u)N N
LPE(Q, )N and ¢ = (¢1,...,9") be fixed vector-valued functions and define a
convex subset of H1P(Q, 1)V by

K={ue H"( Q)N :u—up e Hy?(Q,p)N and u > ¢ a.e. in Q}.
Then u = (u!,...,u’V) € K is a solution of the obstacle problem (L.2) if

N N
(3.3) Z/ A (2, u, V) - V(u! —v?) do + Z/ B (2, u, Vu) (u! —v?)dx <0
j=1"9 j=1"

holds for all v = (v!,...,0N) € K. As ug € LP*(Q, )N, u —ug € HyP(Q, )N
and u — v € H&’p (€2, )N, the weighted Sobolev inequality applied to some ball
containing  implies that the functions v and u — v belong to LP%(£2, ). This
together with the structure conditions (3.1) guarantees that all the integrals in (B3)
are finite.

Our main result is contained in the following theorem.

Theorem 3.2. Let B(xzg,R) C Q, R < 1, and suppose that the structure condi-
tions (B) are satisfied with a p-admissible weight w, 1 < p < 2. Consider one of
the following two cases:

(a) u € HYP(Q, )N is a weak solution of the system [B2), or

(b) uw € K is a solution of the obstacle problem [B3) and ess SUDPB (4, R) P < oo
forj=1,... N.

Then

1/p
ess by [ < 200+ m) +O(f  ulra)
B

(ml)vR)
where

U= max{O,esssupB(moyR)z/Jj;j =1,...,N},

_ 1 1 —1
m = [|e?/ P+ fIE Ly I s

1/7\ k/pe
C= C’<1 + <][ O/ =1 4 P 4 d)T du) > :
B(IQ,R)

T =k/(k—1—¢), and the constant C' depends only on p, N, a, €, the doubling
constant ¢y and the constants cs and k from the weighted Sobolev inequality.

As a consequence of Theorem [3.2 we show in the last section that if the obstacle
1 is differentiable a.e., then a representative of the weak solution w is differentiable
a.e. in  in the classical sense, see Theorem 7.

Example 3.3. Perhaps the simplest example of system (L)) which does not fall
apart into separate equations is

(3.4) Apu? = div(|Va? P2Vl ) = |ulP~2u?,

which is the Euler-Lagrange system of the functional

N
(3.5) U — / (Z |Vl [P+ |u|p> dx,
o \io

which is equivalent to the H*P-norm of u. Of course, the right-hand side B/ =
|u|P~2u’ of each equation in (33)) satisfies B/ signu/ > 0 and Theorem 4.7.1 in
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Ladyzhenskaya—Ural’tseva [24] applied to each equation separately yields estimates
for esssupg [u/| in terms of ||[u’| 1»(q), esssupyg [u?], p, n and |Q2|. Note, however,
that due to the dependence on esssupy, |u’|, this estimate cannot be used to prove
the differentiability a.e. of u, as in the last section.

More generally, if w = 1, A7 = A/ (z,u, Vu/) in () does not depend on Vu?,
i # 7, the coefficients b, ¢, d in (3d]) are constant (or L>°), n < 4 and %n <p<2
(or 1 < p<2ifb=d=0), then L>-estimates for u/ (in terms of ||u’||z» and the
parameters of the system) follow from Serrin’s theorem for equations (Theorem 1
n [33]). Indeed, in this case we have |B/| < fi, where f; = ¢|Vul[P~! + du[P~! + f
belongs to L™/ (?=¢) whenever p?> > n(p — 1), ie. foreg. n < 4and 1 < p < 2.
Similarly, |A7| < al|g?|P + e and AT - g7 > |¢7|P — 2 where e; = blu[P™! + e and

= d|ulP + f. By the Sobolev mequahty, p/(p ) and fo belong to L™/ (P—2)

whenever n/(n—p) >n/p,ie. if p > n.

Note, however, that under the assumption b,c,d € L, our results allow us to
treat systems (LI) and (C2) with higher growth, such as

|AY (2, u,q)] < (alglP™" + blul” " + e(2))w(),
B (2,u,q)] < (clg|" ™" + dul’~" + f(z))w(z),
Az, u,q) - ¢ > (1P = dlul® = f(2))w(z)
and 3 < p(n—1)/(n—p),y<p+p/n,d<pn/(n—p).

Next, we give some examples of systems which cannot be treated by the scalar
theory as in Example B.3, but which are covered by our assumptions. The structural
conditions (3.I]) can be regarded as perturbations of diagonal systems. Clearly,
there is no need to restricting ourselves to Euler-Lagrange equations of integral
functionals. In particular, the right-hand sides can always be replaced by any B
satisfying |B| < ¢|VulP~! + d|u|P~! + f with ¢, d, f € L™/®"=%) and ¢ > 0. Also,
the left-hand sides can be modified e.g. in the spirit of Example [3.4l Let us also
mention that systems of diagonal type are often satisfied by steady state solutions
of some reaction-diffusion systems.

Example 3.4. If Vu/ and v in @3) are replaced by e.g. A;(z)Vu! and C(z)u,
then the corresponding Euler-Lagrange system satisfies (I, provided that A;
and C' are measurable matrices of types n x n and N x N, such that A; € L>(Q),
Cj € L"¢(Q) and |A;(z)€] > agl¢] for some ag > 0, a.e. z € Q and all £ € R™.

Example 3.5. The functional
N
wr— [ S @IVl + bV + i@l + ()" d
O
j=1

leads to the system ([CI) with

, j
Al (x,u, Vu) = b;Vu

5 —1
- |W|(

a;|Vul + b;|Vu?| + ¢jlul + d;)"

a;Vu? i
+Z vl (a1|Vu|+b|Vu|+cz|u|+d)

-1

B(z,u, Vu) = Z (ai| Vu| + b;|Vu'| + ¢;|ul + di)p

i=1
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If all a;, b;, ¢;, d; are nonnegative measurable functions such that a;,b; € L>(Q),
ciyd; € L™ () and b;(x) > by > 0 for all a.e. x € €, then the functions A’ and B7
satisfy the structural conditions (BI). In fact, the left-hand sides A7 are a special
case of the following general example.

Example 3.6. A large class of systems satisfying [B-1) is given by

. . qj
where the functions p; and o; are continuous in u and ¢ (measurable in ) and
satisfy P71 < p;(t) < atP™! and 0 < oj(z,u,q) < algP™!, eg. AI(Vu) =
(VW [P~ + |[VulP~1)Vud /| V.

4. SOME AUXILIARY RESULTS

In this section we present two lemmas which will be used in the proof of Theo-
rem [3.2] As before we assume that dy = w dx, where w is a p-admissible weight.
The first lemma is a weighted modification and a slight improvement of Lemma 5.4
in Chapter 2 of Ladyzhenskaya—Ural’tseva [24] and provides us with a sufficient
condition for the local boundedness of Sobolev functions.

Lemma 4.1. Let U € H'?(B(x, R), 1), 1 < p < 0o, and assume that there exist
constants v > 0, k* > 0 and 0 < € < 1 — 1/k such that for all k > k* and
%R <t < s <R, the function U satisfies the De Giorgi type inequality

¥ (A(k, s))1/m+e )
4.1 / VUIPdu < (/ U—-kPdu+ kP ,
4D Ak,t) VO dy (s —t)P A(k,s)( )y dp p(B(xg, R))L/rte=t

where A(k,s) = {x € B(xo,s) : U(z) > k} and & is the constant from the weighted
Sobolev inequality.
Then for all kg > k*,

eSS SUPp (5, r/2) U

. 1/p
“h +max{k707+11/p6<7/ U -k Pd,u) }a
0 0. C(y+1) w(B(zo, R)) A(ko,R)( ?

where the constant C' depends only on p, €, the doubling constant ¢y of u and the
constants cs and k from the weighted Sobolev inequality.

Proof. Let ko > k* and B = B(xo, R) be fixed. Put for K > kg and j =0,1,2,...,
h= 1142 R
k?j =ko + (1 — 2_j)K,

If:/ (U — kj)” dp.
Al ry)

We shall show that with a suitable choice of K,

/ (U ko — K)Pdp =0,
A(ko+K,R/2)

ie. U(x) < ko + K for ae. z € B(xo, %R) Let ¢ be a nonincreasing continuously
differentiable function on R such that ((t) =1 for t < 1R, ((t) =0 for t > 2R and
I¢'(¢)| < 8/R. Put for j =0,1,2,... and x € B,

Gi(@) = (2 (lz = 20| = 3R)).
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Note that |V(;| < 2973/R, ¢; = 1 on B(zg,7;) and ¢; = 0 outside B(zo,7;), where
7j=3%(rj+r;_1). Hence, the function max{U —k;,0}¢; belongs to Hy'™”(B(xo,7;), j1)
and the Holder inequality together with the weighted Sobolev inequality yields

(4.2)
L[ U-kygd
A(kj,75)

1/k
<ty ([ k)
A(kjij)

Ty (A Ky 7)) o
B0 T oy T —BIGI d

CRPpu(A(k;, 7)) /"% (/ p(J+3)/ )
VU dut U—k)Pdu),
w(B(xo, 75)) L —1/" A(kj,f,)| "y Rp A(kj,fj)( )" dp

where C = 2P~ 1L,

The last integral on the right-hand side is not larger than I;_;. The first integral
on the right-hand side is estimated by means of the inequality (£1]) in the statement
of the lemma with ¢t = 7; and s = r;_; as follows:

~y2P(+2) p(A(kj, i)'/
VU dp < —— (U = kj)P dp+ kj
/A(kjﬂ_”j) Re Alkjyrj—1) ’ Bt

4 2P(i+3) p(A(kj,rj-1)) /e
S T ijl + K? H(B)l/n—',-s—l ’

Inserting this into (f2) together with A(k;,7;) C A(kj,7rj—1) and the doubling
property of p gives

(4.3)

Ak, r—0))\ " A(kj,rjo1))M/rte
I < C2v <W> (('y—i— I +’7Kpu( IE(B)I/H+)€)1 )a

where C' depends only on p, ¢1, ¢3 and k. Next, we need an upper bound for
w(A(kj,rj-1)). It is easily obtained from the inequalities

Ij_l Z / (U — k?j_l)p d,u Z 2_ijp/J(A(kj, ’I“j_l)),
A(kjsrj—1)

and the estimate (L3)) becomes
e\ PTYE opif, O\ /rrE
I < 1) | =1 I Kp| ——2— B
<o) (e () e

< C(y+1)27BH9, Lo ) oL Y

St T \\Kru(B) Kru(B)) )’
where C depends only on p, ¢1, ¢3 and k. As e < 1 — 1/k, we get for all K >
(Lo/W(B)MP = (Lj—1/W(B))"/?,

Cly+1)¢ 1y :
i< Kveu(B): LT forj=1,2,...,
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where § = 2°(+2) and the constant C' depends on the same parameters as before.
Finally, find the smallest K > kg such that

KPu(B)
(C(fy + 1))1/691/6201/6 ’

Ip <

It is then easily shown by induction that

KPu(B)
U—ko—K)Pdu<I; < —
/A(koJrK,R/Z)( 0 V<1 < (C(y + 1))/ep1/e*gli+1) /e

— 0,

as j — oo, i.e. U(x) < ko + K for a.e.xeB(xo,%R). O

Before stating the next lemma, let us show that on B(x, R) the structure con-
ditions (3l) can be simplified by putting

1 1/p=1
”e;u/(;!J 1) +fHL/Tp(B 20, R)) +||f||L/T((pB z)oR)

where 7 = k/(k — e — 1). Then the functions A’ and B satisfy

A (z,u,q)] < (alglP™" + b(x)|alP~ w(z),
(4.4) B (z,u,q)| < (c(2)laP~" + d(2)|alP~w(z),
A(@,u,q) ¢ 2 (|¢]F — d(@)|alP)w(z),
where 4 = |u| +m, b="b+e/mP~" and d = d + f/mP~" + f/mP. The functions
bP/(P=1) and d obviously belong to L™ (B(xg, R), 1) and their norms depend only on

p and the norms of b?/(®=1) and d.
The following lemma will be used for estimating the terms containing |Vu.

Lemma 4.2. Let the assumptions of Theorem be satisfied with 1 < p < oo and
put

U = max{|u'|,...,[u"]}.

For 0 < s < R and k > m let also A = {z € B(zg,s) : U(z) > k} and w =
max{U — k,0}. Then there exists a positive constant Cy, depending only on a, p
and N, such that for all k > m and all n € C§°(B(xo, s)) satisfying 0 <n <1,

/(%)plwl”n”du§00</ IVUI”npdu+/w”|V77l”du+/gu”n”du)
A A A A

where g = bP/(P=1) 4 P 4 (.

Proof. For j =1,...,N, put

. w\P . . . .
@ = (5) (W —U)n? and o/ =u’ —¢’.

To be able to use p = (p',... o) and v = (v!,... ,vV) as test functions in (32

and (B3), we need to show that ¢ € Hy?(B(zo, R), )Y and v € K. We have

vl >l >1p; and as n € C§°(B(wo, 5)), it is enough to show that (w/U)P(u! —U) €

HYP(Q, ).
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Write

where V' = max{U, k}, and let V;,v; € C>*(Q), i = 1,2,..., be such that V; — V
and v; — u’ both in HYP(Q, 1) and a.e. in . By (1) we may assume that V; > k
and |v;| < V; for alli=1,2,.... A direct calculation shows that

L p _ P
|5 ) v - (5) o)
Vi v Hp ()

. p )
< H(V ’“) (05— wl +V — V)
Vi Lo(9,10)

() - () e

Vi—k\" v -V
( ) Uv? (VV; — VV)

(3

LP(Q,p)

+pk:‘

|
o (

- p .
+ H(Vv k) (Vv; — Vil +VV = VV;)

LP(Q,p)

—k
Vi
Vi—k\" o=V, (V—k\"u-V
v . _ u \VATS
v; v, % e

7

LP(Q,p)

L (Q.p)

() -5 o=

=L+ + 1.

Lr (2,p)

As 0 < (V; —k)/V; <1, |v; = Vi| <2V; and V; > k, the terms I, I3 and I5 can be
estimated from above by the H? (€, y)-norms of V; —V and v; —u/ and tend to zero
as i — oo. All the other terms tend to zero as i — 0o by the dominated convergence
theorem. This shows that the function (w/U)P(u? — k) belongs to HYP(Q, 1) and
consequently v € K.

Moreover, on A we have

vt == () vt () (M - e

p(%)p(uj —U)nP~'Vn.

Note also that |u/ — U| < 2U, 0 < w < U < @, and |pk(v/ — U)/U? — w/U| <
2p+ 1 on A. As u —v = 0 outside A, inserting ¢ and v into (32) and BE3),
respectively, together with the structure conditions ([4) and some straightforward
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simplifications gives

(4.5)
N WP
Z/(ﬁ) V! [P dps
j=174
WP -1 7 _p—1
<N@p+1) a(ﬁ) IVU||VulP~ P du+ N(2p + 1) | B|VU @~ 5P dy
A A
wy\pr—1 —1 p—1 7, ,-p—1, p—1
+2Np/a(—) w|VulP~ nP |Vn|du+2Np/bwup nP V| du
A U A
1 B
+2N/ c(%)p fu|vu|P*1nPdu+3N/ daPP dp
A A

<SN2p+ 1)1+ + I5).

The integrals on the right-hand side will be estimated by means of the Young
inequality. By v we denote a small positive number which will be chosen later. We
get

v WA PP ab J
h< A(ﬁ) (Vul dyp+ S [ VU dp,
1 - 1
I, < _// bp/(pfl)ﬂpnpdu—i——/ VU Py dp,
D Ja PJa
v w\P a?
e ? [ () wuprder 2 [ wrlvap
1 - 1
I < —//bp/(pfl)ﬂpnpdu—l——/wp|V77|pdu,
D Ja PJa
v w\P 1
I. < =~ (_) YulPr? d /p—ppd’
5*p//AU [VulPn ot [

where p’ = p/(p — 1). Inserting the above estimates into (f5) we obtain

w\P 3N(2p+ 1)y w\P
— PP < — - 7 — PP
/A< ) [VulPn? dp < o /A< ) [VulPn? du

+C(/ IVUI”n”dqu/w”Ian”dqu/gupn”du)
A A A

where g = b?/(P=1) 4 ¢? 1 d and the constant C' depends only on a, p, N and v.
To finish the proof, choose v = p'/6N(2p + 1), then the first integral on the
right-hand side is absorbed by the left-hand side and the lemma follows. O

Remark 4.3. For systems of equations, the proof could be slightly simplified by
putting ¢/ = (w/U)PuinP. Tt would also give a better constant Cy. In the proof,
we have chosen ¢/ which work both for equations and variational inequalities.

5. LOCAL BOUNDEDNESS OF WEAK SOLUTIONS

Proof of Theorem We shall treat the cases (a) and (b) simultaneously and show
that the function U = max{|u!|, ..., |[u"V|} is bounded on B(z¢, 3 R). The proof is
based on Lemma 7], so we need to estimate fA(k £ VU P du, where A(k,t) ={z €

B(zo,t) : U(z) > k}.
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Let B = B(zo,R) and k > ko = max{m, esssupp,, r) ,j =1,...,N} be
fixed and put for %R<t<s<Randj:1,... , N,
w=max{U — k, 0},
w! = max{|u?| — k, 0},
A= {z € B(xo,s): U(z) > k} = A(k, s),
AV = {x € B(xo,s) : [u (x)] >k},
@) = winP signu?,
W =l —
where n € C§°(B(x0,s)), 0 <n <1,n=1on B(xg,t) and |Vn| <2/(s—1). It is
easily verified that u/ — v/ = ¢/ € Hy?(B(zo, R)) and moreover,

vi(2) = i (2) > P9 (a) if i () = 0,

v (x) > ul(x) > I () if w/(z) > 0 and signu/(z) = —1,

vi(x) = (1 —nP)u! (z) + nPk > I (z) if w/(z) > 0 and signuf(z) = 1.
Hence v = (v!,... ;") € K and on A7 we have

V(u! —vl) = V¢! = VulnP + pw/nP~ 'V signu’.

Inserting ¢ = (p',...,¢") and v into ([B2Z) and (33), respectively, together
with the structure conditions (f4), w’ < w < @ and A’ C A gives

N .
Z/ [V [P dp
oA
(5.1) < Np/ WIVUI”_ln”‘llvnldquNp/ bwt?~ P [Vl dp
A A

+ N/ cw|Vul|P~ P du + 2N/ duPnP du
A A
=L +1s+ I35+ 14.
We shall first simplify the left-hand side. Note that A = U§V=1 A7 and that for

a.e. * we have |VU(z)| = |[Vu/ (z)| whenever U(z) = |u/(z)|. Also if z € A and
U(z) = [’ ()], then |u/ (x)| > k, i.e. z € A7. Hence

N
62 [1vupransy” [
A o

The term I in (B1)) is estimated using the Young inequality as follows

N
VP dp < Z/ VUl PP dp.
€A (2)=|ud ()]} = Jas
(53) I, < N/ wp|v77|p du + N(p — 1)/ Bp/(p_l)apnp du
A A

To estimate I; and I3, let v = p/2(p? — 1)NCy, where Cj is the constant from
Lemma Again by the Young inequality and using that U = w + k < @ we
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obtain,
(5.4)
w\P/(p—1) NaP
< — PP p—1¢ ,p P P
L <N(p 1)V/A(U) |VulPn du+yp71/j42 (WP + k)| VP dp,

N({p-1 p/(p=1) N
I3 < M/(ﬂ) [VulPnP dp + —— / cPuPnP dp.
p AU prPTt Ja

As p <2, we have p/(p — 1) > p and thus (w/U)P/ P~ < (w/U)P. Tt follows that
the first integrals on the right-hand sides in (4] can be estimated by Lemma
This, together with the estimates (510), (B2) and (BE3) yields

1
[ vl i<y [ 1vure a
A A

+C</ wp|V77|pdu+k'p/ |V77|pdu+/gﬂpnpdu>,
A A A

where g = b/~ 4 ¢» + d and C is a constant depending only on a, p and N.
Note that the first term on the right-hand side is absorbed by the left-hand side.

To be able to apply Lemma [l we need to estimate the last two integrals in
(B3). The function g belongs to L™(B(xo, R), 1), with 7 = k/(k — 1 —¢) and its
norm depends only on p and the norms of b?/(P=1 ¢ and d. As k > m, we have
on A,

a? = (Ju| +m)? < NP(U +m)? < NP(w+k +m)P < 207 ENPLP 4 2227 I NPEP,

(5.5)

Thus, the last integral in (5.5) can be estimated using a sum of two integrals,
which in turn are estimated by means of the Holder and Sobolev inequalities and
the doubling property of p as follows

/Agwpn” dp < (/A(w?)”” du) 1/KM(A)E/’“ (/B g du)

Clchmem M(‘DE/R /
< V(wn) P du,
wu(B)e/x [V (wn)|P du

kP lgl| p(A) eI/~
P P
k /Agn i < W(B) O+

so that the last term in (5.5) becomes
C A/
C/ guPn? dp < M (/ VU [PnP dp +/ w?[Vnl? du)
A n(B)=/ A A
CkP|lgl] po(A) M)/
‘LL(B)(1+6)/I{71 )

1/7

(5.6)

where ||g]| = (f5 97 du) 1/7, T =k/(k—1—¢), and the constant C' depends only on
p, N, a, c1, c3 and k. Next, as u(A) < k77 [, UP dp, we see that for

1/p
(5.7) ez k=l (f orae)
B

the coefficient at [, [VU[PnP dp in (EB) is at most 1, i.e. that term is absorbed by
the left-hand side of (BH]). Note that the constant C' in (&) depends only on p,
N, a, €, ¢1, c3 and K.
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Also, as |Vn| <2/(s—t) and (1+¢)/k < 1, we have
P[P oPkP  p(A)(He)/x
P Pdy < ———pu(4) < :
IV e < ) < g

Finally, as n = 1 on B(xo,t), we get (with a new constant C depending only
on p, N, a, ¢, c1, c3 and k) for all k > max{m, k*,esssupg’,j =1,... ,N} and
tR<t<s<R,

1 1 A (14e)/r
A(k,t) A 2

4 (s —1t)p (B)(+e)/r—1

Lemma @I with kg = max{m, k* esssupg ¢?,j = 1,... , N} and ¢ replaced by &/x
now finishes the proof. O

Remark 5.1. Note that in the case of one equation, we have U = |u| and |Vu| =
VU], so that the estimates (£4) and Lemma F2] are not needed and we can drop
the assumption p < 2 in the statement of Theorem B.2.

6. POINTWISE DIFFERENTIABILITY OF WEAK SOLUTIONS

In this section we shall extend the Reshetnyak—Hajtasz—Strzelecki method men-
tioned in the introduction to the weighted situation as well as to systems of equa-
tions and variational inequalities and show that the solutions are differentiable a.e.
The idea of the method is as follows.

Definition 6.1. Let 79 € Q and 0 < h < dist(xg, ). For a function u : Q — RN
and X € B(0,1) we define the difference quotient uy, of u at z¢ by
u(zo + hX) — u(xo)
h

It is shown that the difference quotients uy of u at x( satisfy equations similar
to the original one and are thus bounded on B(O, %) by constants depending on
the parameters of the original equation and on ||us||r(B(0,1))- A standard theorem
about LP-differentials of Sobolev functions (e.g. Theorem 3.4.2 in Ziemer [39]) yields

uh(X) =

(6.1) lunllLr(B(0,1)) = IVu(zo) - X||Lr(B0,1)), as h —0,

and hence |[un|z»(B(0,1)) < @ for sufficiently small h. The differentiability of u then
follows from the following theorem due to Stepanov (see [35] or Theorem 3.1.9 in
Federer [6]).

Theorem 6.2. For a function u: Q — RN put

A= {xe Q:lirnsupM < oo}.
y—w ly — x|

Then A is Lebesgue measurable and u is differentiable a.e. in A.

In order to extend this method to our situation, there are some difficulties to
overcome, mainly due to the presence of the weight w. First, the difference quotients
up, do not in general belong to HP(B(0,1), 1), hence it is necessary to consider
weights wy, which vary as h — 0. Second, in order to prove that the difference
quotients uy, of u are bounded by a constant independent of h, we need a weighted
version of (Gl), viz. Theorem and Corollary Finally, for variational in-
equalities, the obstacle 1 has to be taken into account.
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Let us begin by the following lemma which shows that for sufficiently small h
the difference quotients of solutions of the systems (32)) and (B3)) are solutions of
systems similar to (32)) and (B3).

Lemma 6.3. Let w be a p-admissible weight with 1 < p < oo, and for a fixed
2o € Q and 0 < h < dist(xg,N) let up be the measure whose Radon-Nikodym
derivative is wp(X) = w(zg + hX), d.e. dup, = wpdx. Then the weight wy, s p-
admissible with the same constants ¢1 and co as w and the difference quotients up
of u at xq satisfy:

(a) If u € H"(Q, )N is a weak solution of the system [B2), then uj, €
HYP(B(0,1), un)N and uy, is a weak solution of the system

(6.2) div(A} (X, up, Vup)) = BL(X,un, Vup), j=1,...,N.
(b) If u € K is a solution of the obstacle problem [B3)), then up € Ky, where
Ky ={v e H"(B(0,1), pn)" : v — up, € Hy?(B(0,1), )™
and v > ¢y, a.e. in B(0,1)}
with Yp(X) = (Y(xo +hX) —u(xo))/h and up, is a solution of the obstacle problem

N
Z/ AL (X, up, Vug) - V() —07)dX
=1/B0O1)

(6.3) N

+Z/ B (X, un, Vup)(ul, —v7)dX <0
= /B0
for allv € K, ' '

Here, the functions A}, and BB], are defined by

A%(X, v,q) = Al (xg + hX,u(xo) + hv, q),
BfL(X, v,q) = h B (zg + hX,u(xo) + hv, ).
Proof. 1t is easily verified that the weights wy are p-admissible with the same
constants ¢; and co as w.
(a) The lemma follows immediately from ([B2) by the change of variables z =

xo + hX.
(b) Let v € K}, and extend v — uy, by zero outside B(0,1). Put for z € ,

o) =t +((552) - (52))

Then 9(z) > u(x)+ (Y () —u(z)) = ¥(x) and ¥ = u outside B(xo, h), hence v € K.
Inserting ¢ into (B3) and using the change of variables x = zo+hX yields (@3). O

In the rest of this section we shall frequently use the following Lebesgue differ-
entiation theorem, see e.g. p. 14 in Ziemer [39] for the case p = 1. The case p > 1
then follows from the formula |a — b|? < |a? — bP| for a,b > 0.

Theorem 6.4. If f € L (R"™, 1), where p is a Radon measure and 1 < p < oo,

loc

then p-a.e. x is an LP(u)-Lebesque point of f, i.e. for u-a.e. x € R",

r—0

i (f INCRFCl oy "
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The following theorem is a weighted generalization of a classical result about
LP-differentials, for a proof see the author’s paper [2].

Theorem 6.5. Let w be a p-admissible weight, 1 < p < oo. Let dy = wdx and
u € HYP(Q, ). Then for a.e. xg € €2,

i 2 (£, o Iua) =) = Vo) - (2= )P ey "

h—0 h

Corollary 6.6. If w is a p-admissible weight, 1 < p < oo, and u € H"P(Q, ),
then for a.e. xg € €1,

1/p 1/p
lim (][ fun P dﬂh> . (][ Vu(zo) - X|P dX) .
h—0\JB(0,1) B(0,1)

Proof. The triangle and the Minkowski inequalities show that

1/p 1/p
‘(/ |uh|”duh> _ <w(x0)/ V(o) -X|”dX)
B(0,1) B(0,1)

< Mlun = Vu(zo) - Xlo(5(0,1).0)

+ ||Vu(9co) . X(U)h(X)l/p — w(xo)l/p)HLp(B(oJ)).
The first term on the right-hand side tends to zero, as h — 0, for a.e. g € Q
by Theorem and the fact that for a.e. zo, pp(B(0,1)) — w(xo)|B(0,1)], as
h — 0. The last term on the right-hand side is not larger than |Vu(zo)| ||wn (X)'/? —
w(mo)l/pHLp(B(o’l)) and tends to zero, as h — 0, whenever zg is an LP-Lebesgue

point of w!/P. The fact that for a.e. zo, pn(B(0,1)) — w(xo)|B(0,1)|, as h — 0,
finishes the proof. O

We are now ready to prove the main result of this section — the differentiability
a.e. of weak solutions of the systems (32)) and (33).

Theorem 6.7. Suppose that the structure conditions [B.1) are satisfied with a p-
admissible weight w, 1 < p < 2. Let du = wdx and consider one of the following
two cases:

(a) u € HYP(Q, u)N is a weak solution of the system [B2), or

(b) u € K is a solution of the obstacle problem B3) and assume that v is
differentiable at a.e. x € ().

Then any representative of u satisfying for allx € Q and j=1,... N,
(6.4) lim inf][ w dy < uJ(m) < lim sup][ m
r—0 B(z,r) r—0 B(z,r)

is differentiable a.e. in € in the classical sense.

Remark 6.8. The proof actually shows that even if 9 is not differentiable a.e., then
the solution w is differentiable a.e. on the set where 1 is differentiable. Regarding
condition (6.4)), recall that by Theorem [6.4] all uw € LP(Q, i) can be modified on a
set of measure zero, so that u(z) = limsup,_,, fB(LT) wdy holds for all z € Q.

Proof. Let xg €  be such that the conclusion of Corollary holds at zg and
assume that 1 is differentiable at xo. Let also xo be an L'-Lebesgue point of w
and an L7 (u)-Lebesgue point of the functions b/ =1 e d eP/(P=1) and f, where
7 =k/(k —1—¢€). By Theorem B4, almost every point of 2 has this property.
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For 0 < h < dist(x, 9) consider the difference quotients
up(X) = (u(zo + hX) —u(zg))/h, X € B(0,1).

If we can show that for sufficiently small h, the difference quotients uy are bounded
on B (O, %) by a constant independent of h, then Theorem implies that w is
differentiable a.e. in 2.

The uniform boundedness of the difference quotients will be proved by means
of Lemma [63 and Theorem B2 Lemma 63 yields that for 0 < h < dist(zg, 012)
the difference quotients uy, are solutions of ([3:2) and (33)) with A’ and B’ replaced
by A{L and be, respectively. Next, we verify that the functions A{L and B{L satisfy
the assumptions of Theorem B.2. We can assume that h < 1. A direct calculation
shows that for a.e. X € B(0,1), all v € R" and all ¢ € R™V,

A7 (X, 0, )] < (algl”™" + b (X) o]~ + en(X))wn(X),
(6.5) 1B7,(X, v, q)| < (en(X0)|aP ™"+ dn(X)[olP " + fu(X))wn (X),
AL(X,0,0) ¢ 2 (18P = dn(X) ol — fu(X)wn(X),

where the weights wy, are as in Lemma and

br(X) = h?~'b(zo + hX),

cn(X) = he(xg + hX),

dp(X) = 2P hPd(xo 4+ hX),

en(X) = e(zo + hX) + b(xo + hX)|u(zo) [P,

(X)) = f(xo + hX) + 2P Yd(zo + hX)|u(zo)|P .
Theorem B.2 now yields
1/p
junl? duh) ,
0,1)

where Wy, my, and Cj, are as in Theorem B2 with ¥, b, ¢, d, e and f replaced by
Y1, br, ¢h, dp, e, and fi,. As xg is a Lebesgue point of pr/(p=1) P eP/(P=1) and
f, we get that C;, — C’, as h — 0, and for sufficiently small i the constant my, is
bounded by a constant independent of h. To estimate ¥j, we need to distinguish
between two cases:
(i) If w? (z0) = 1 (x0), then as 17 is differentiable at x(, we have
g (o + hX) — 97 (o) :
i Y3 (X) = lim h = Vi'(eo)- X
uniformly for X € B(0,1). If follows that for 0 < h < hg and sufficiently small ho,
esssupp o1 d)i < |V ()| + 1.

(6.6) esssupPp(g,1/2) [unl < 2(Vp +mp) + Cp <][
B

(ii) If w/(zg) > 7 (xo), then as 17 is continuous at xg, we have u’(zg) >
P (2o + hX) for all X € B(0,1), 0 < h < hy and sufficiently small hy. This
yields 9] (X) = (47 (zo + hX) — w/ (x9))/h < 0 for all X € B(0,1).

Finally, Corollary B.6 implies that lim,—o(fp 1y [unl? dup)*/P < 0o and conse-
quently esssupp g 1/2) [un| < Q for sufficiently small 2. The condition (€.4)) then
implies supp(g.1/9) lun| < @ and hence

s 12) = (o)

<2Q < oo for ae. g€ Q.
T—1 |z — o
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By Theorem [6.2], the weak solution u is differentiable a.e. in Q. O
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